Perturbative QCD analysis is presented of the cumulative out-of-plane momentum distribution in the near-to-planar e + e − annihilation events, K out ≪ Q. In this kinematical region multiple gluon radiation effects become essential. They are resummed with the single-logarithmic accuracy, which programme includes the 2-loop treatment of the basic radiation and matching with the exact O α 2 s result. Dedicated experimental analyses of 3-jet event characteristics are of special interest for the study of the non-perturbative confinement effects.
Introduction
In recent years the standards were established for the perturbative QCD description of various characteristics of hadron jets produced in e + e − annihilation. These standards include:
• all-order resummation of double-(DL) and single-logarithmic (SL) contributions due to soft and collinear gluon radiation effects,
• two-loop analysis of the basic gluon radiation probability and
• matching the resummed logarithmic expressions with the exact O α 2 s results.
Such programmes were carried out for a number of jet shape observables such as Thrust (T ) and heavy jet mass (M H ) [1] , C-parameter [2] and jet Broadenings (total B T and wide-jet broadening B W ) [3] . Perturbative description of jets produced in processes other than e + e − annihilation poses more difficulties, as the structure of jets (both average jet characteristics and distributions) becomes sensitive to details of the underlying hard interaction. For example, characteristics of quark jets produced in the current fragmentation region in Deep Inelastic Scattering (DIS) depend on the Bjorken x. In spite of these complications a steady progress is being made in this domain as well [4] .
Given a (relative) perfection of perturbative QCD technologies, it became possible to aim at deviations of the measured hadronic characteristics from the corresponding perturbative predictions, in a search for genuine non-perturbative confinement effects. As is well known, these deviations, for a broad variety of jet observables, amount to sizable 1/Q corrections, with Q the hardness scale (the total e + e − annihilation energy), for reviews see [5, 6] .
As far as physics of e + e − annihilation is concerned, till now these developments, both in the perturbative and non-perturbative sectors, were confined to two-jet ensembles which constitute the bulk of events. Little (if any) attention has been paid to multi-jet ensembles, in particular to three-jet events. In spite of being obviously more rare (σ N /σ tot ∝ α N −2 s , with N the number of jets), selected multi-jet configurations are of special interest as they, so to speak, are subject to more quantum mechanics than unrestricted (mainly two-jet) hadron production events.
Indeed, in the latter case it is known that the gross inclusive features of particle production can be described in probabilistic terms by imposing angular ordering [7] on successive 1 → 2 intra-jet parton decays. It suffices to implement strict angular ordering, θ i+1 ≤ θ i , the proper running coupling, α s (k ⊥ ), and the standard parton splitting probabilities to ensure the next-toleading accuracy of the perturbative description of inclusive energy spectra, mean multiplicities and the multiplicity distribution [8] .
Thus, a transparent and powerful probabilistic technology exists for predicting (with nextto-leading accuracy) inclusive observables. At the same time, the very selection of events (say, three-jet events) necessarily makes a measurement "less inclusive" and destroys, generally speaking, the probabilistic picture, and one's hold on the SL accuracy with it.
Of special interest for two-jet configurations is the kinematical region of two narrow jets (1− T, M 2 H /Q 2 , C, B T,W ≪ 1) where multiple radiation (Sudakov suppression) effects are essential. An analogue of this region for three-jet events is near-to-planar kinematics. Three hard partonsand a gluon g -form a plane. Secondary gluon radiation off the three-prong QCD antenna brings in aplanarity. In what follows we choose the out-of-plane transverse momentum K out as an aplanarity measure. The distribution of events in K out is subject to DL suppression in the region of small aplanarity, K out /Q ≪ 1, where normal accompanying radiation is vetoed.
The corresponding suppression factor, and thus the resulting K out -distribution is easy to predict in a DL approximation which takes care of the leading contributions O [α s ln 2 (Q/K out )] n in all orders while disregarding subleading SL corrections of the order of [α s ln(Q/K out )] m . The answer is given simply by the product of three proper QCD Sudakov factors, F 2 q · F g , which veto radiation of gluons with out-of-plane momentum components exceeding K out , off the three hard partons treated as independent emitters.
The DL approximation is known to be too rough to be practically reliable. Improving it proves to be nontrivial a quest: at the level of SL terms the geometry of the underlying three-jet configuration enters the game: in addition to intra-jet parton multiplication one has to take into consideration inter-jet particle production. The latter, however, does not admit "classical" probabilistic interpretation: gluon radiation in-between jets results from the coherent action of all three elements of the antenna. This is a general feature which complicates the analyses of other, more simple, characteristics of three-jet ensembles as well. For example, contribution of coherent inter-jet particle flows enters, at the level of the next-to-leading O √ α s correction, into perturbative prediction of the mean particle multiplicity in three-jet events, making it event-geometry-dependent [9] . In this paper we attempt, for the first time, the all-order perturbative analysis of the K outdistribution in three-jet e + e − annihilation events, aiming at SL accuracy. In what follows we will single out and resum logarithmically-enhanced DL and SL contributions and systematically neglect relative corrections of the order O (α s ). The latter belong to the non-logarithmic normalization factor ("coefficient function") 1 + cα s + . . . , whose first coefficient, c, can be found by comparing the approximate resummed result with numerical calculation based on the exact α 2 s matrix element [10] .
To accommodate all essential SL contributions one has 1. to take into account soft inter-jet gluon radiation, 2. to analyse corrections due to hard intra-jet parton decays, 3 . to define an event plane for a multi-parton system and properly treat kinematical effects due to parton recoil, 4 . to prove, for three-jet environment, soft gluon exponentiation (at the two-loop level) and the prescription for the argument of the running coupling that enters the basic gluon emission probability.
In the present paper we address these issues.
The answer we derive has the following key features:
• Kinematical constraints which determine an event plane are rather complicated but can be resolved with a help of multiple Fourier-Mellin representation which allows for exponentiation of multiple radiation in the parameter space.
• Multiple soft radiation off the three-parton system can be resummed and exponentiated in terms of three colour dipoles that together determine the colour structure of (and accompanying particle flows in) the event.
• For the cumulative K out -distribution (as well as for other sufficiently inclusive observables) inclusive treatment of the two-parton decay of a gluon emitted by theg system results in the running of the coupling constant.
• The running α s which describes the intensity of gluon emission off each dipole (qg,qg, qq) depends on the invariant transverse momentum of the gluon with respect to two partons that form the corresponding dipole.
• The exponent can be represented as a sum of three basic parton "radiators" each of which describes one-gluon emission off a single hard parton, weighted by the colour factor of this parton. This radiation can be treated as independent provided a proper hardness scale is ascribed to the parton radiator.
• Essential SL contribution ("hard" intra-jet and coherent inter-jet corrections) can be conveniently embodied into the scales. Effects of the large-angle soft (inter-jet) radiation make these scales event-geometry-dependent and different for each of the three primary partons.
• The structure of the hardness scales of the parton radiators entering in the total K outdistribution has a clear geometrical interpretation: the scale Q a for the parton a is proportional to the invariant transverse momentum of this parton, p ta , with respect to the hyper-plane formed by the other two hard partons.
• Equivalent expressions for the radiators of the total K out -distributions can be constructed which smoothly interpolate between 3-and 2-jet configurations.
As has been already said, kinematics of three-jet observables complicates the analysis. As a result, the final expressions are rather cumbersome as they involve 4-and 5-dimensional integrals.
The kinematical constraints, and thus the final formulae, are somewhat simpler for the distribution of K out accumulated in the right hemisphere, i.e. the one that has the smallest transverse momentum with respect to the thrust axis (for a review see [11] ).
Quantitative analysis of the predictions and numerical results are discussed in a separate publication [10] .
The paper is organised as follows. In Section 2 we define the aplanarity measure K out , derive kinematical relations defining the event plane and discuss resummation of soft gluon radiation for near-to-planar 3-jet events. Section 3 is devoted to perturbative analysis of the K out -distribution in the right hemisphere. Here we develop technique for analysing and embodying all necessary SL corrections into the all-order perturbative result. In Section 4 we apply this technique to derive, with SL accuracy, the perturbative prediction for the total K out -distribution in 3-jet events with given kinematics (thrust T and thrust-major T M ).
Technical details are confined to Appendices.
Aplanarity and soft parton resummation
We consider e + e − annihilation events with almost planar configuration of final state particles. Such event are characterised by the inequality
with T the thrust, T M and T m the so-called thrust-major and thrust-minor. We study the distribution of T m . We shall refer to e + e − events in this phase space region as 3-jet events. Thrust is defined as
where the sum runs over all particles h produced in a given event with the total center of mass energy Q. Hereafter we choose the z-axis to lie along the thrust axis, n T . The thrustmajor is defined analogously; it maximises the sum of the particle momenta projections in the two-dimensional plane orthogonal to the thrust axis:
The direction n M we shall identify with the y-axis. Finally, for the thrust-minor we have
We choose the direction of the thrust axis n T in such a way that the most energetic particle in the event has a positive z-component. Hereafter we attribute p h to the right hemisphere C
. We shall also consider separately the right-hemisphere cumulative out-of-plane transverse momentum:
It can be easily shown that from the definition (2.2-2.3) the kinematical constraints follow:
where p t is the two-dimensional vector transversal to the z-axis. We introduce the threedimensional vector P 1 and the two-dimensional vector P 2t that define the "event plane" {z, y}:
From the definition of T and T M we have
In what follows we study the distribution of events in the cumulative out-of-plane transverse momentum K out defined in (2.4) . The integrated K out -distribution is defined as
where m denotes the number of final particles in an event. The last two delta-functions fix the event plane and the theta-function defines the observable. Analogously we define the right distribution by restricting the sum over particles in the theta-function of (2.9) to those belonging to the right hemisphere (see (2.5)).
Jet momenta and hard parton recoil
At the parton level the events in the region (2.1) can be treated as three-jet events generated by a system of energetic quark, antiquark and a gluon accompanied by an ensemble of soft partons. At the Born level, O (α s ), in the absence of accompanying radiation the 3-parton system is truly planar, T m ≡ 0. The kinematical configuration of q,q and g treated as massless partons is then uniquely fixed by the values of T and T M . Denoting by P 1 , P 2 and P 3 the energy ordered parton momenta, P 10 > P 20 > P 30 , we have P 1 lying along the thrust axis. The vectors P 1 and P 2t = − P 3t are given by the event plane momenta defined in (2.7).
There are various kinematical configurations of the Born system. The three parton momenta P q , Pq, P g can belong to three configurations C δ , namely (see Figure 1 ) T M are restricted to the region
(For the kinematics of the Born system momenta see Appendix A.) In the following we will analyse the distribution inside this region -the 3-jet region -in which three skeleton parton momenta P a can be reconstructed from the T and T M values. Beyond the Born approximation, in the presence of secondary gluon radiation, T m is no longer vanishing. The x-components of bremsstrahlung gluon momenta are logarithmically distributed over a broad range, so that T m ∼ α s T M ∼ α s T .
In the region (2.1) the PT expansion develops logarithmically enhanced contributions which need to be resummed in all orders. Our aim is to perform this resummation with SL accuracy. This means that we shall keep both DL, α s log 2 T m , and SL, α s log T m , contributions to the exponent ("radiator", see below) while neglecting non-logarithmic corrections O (α s ). With account of the running coupling effect, the DL and SL contributions formally expand into series of terms α n s log n+1 T m and α n s log n T m , respectively. It is important to stress that exponentiation of the SL correction α s log T m makes sense only if it is supported by the calculation of the non-logarithmic "coefficient function". Indeed, a "crosstalk" between an O (α s ) correction to the overall normalization of the resummed distribution and the leading DL term, symbolically, (2.12) gives rise to the correction of the same order as the SL term squared. The coefficient c is not known analytically. It can be determined by comparing the O α 2 s term of the log-resummed expression with the result of a numerical calculation based on the exact α 2 s matrix element [10] . We denote by p a the momenta of the three hard partons, q,q, g, that in general no longer lie in the event plane defined by the vectors (2.7). In the region (2.1) they differ from P a by "soft recoil parts" q a , p a = P a + q a , (2.13) whose x-components contribute to K out together with the soft parton momenta k i :
To SL accuracy, as in the case of the broadening distribution [3] , it suffices to keep the recoil momenta q a only in the phase space, in particular their contribution to K out and to the constraints defining the event plane (see (2.9)). At the same time, q a can be neglected in the radiation matrix element, that is, in the emission distributions we can substitute the skeleton momenta P a for actual parton momenta p a . We remark that, as in the case of jet broadening [12] , for the study of non-perturbative power-suppressed corrections the approximation p a → P a in the radiation matrix element is not valid [13] .
In order to resum the PT series for (2.9) in the region (2.1) we need to use the factorization property of the soft radiation matrix element and to factorize the multi-parton phase space. We discuss these points in succession after giving a brief description of the kinematics. For more details see Appendix A.
Kinematics of soft emission
Introducing the recoil momenta q a defined in (2.13), the right, left and total K out are given by
The event plane momenta (2.7) are given by
16)
In the soft region the components of q a that accompany non-vanishing components of P a can be neglected in the calculation. Therefore we consider only those four components that vanish in the Born approximation namely, the y-component of the leading parton momentum, q 1y = p 1y , and the x-components q ax = p ax , a = 1, 2, 3. Then, from the kinematical relations (2.16) and (2.5) we have
(2.17)
Notice that this implies the following kinematical relations
Matrix element factorization
At the parton level the distribution is given by the sum of the partial cross sections
where M n is the matrix element for the emission of n secondary partons off the qq, g system, and dΦ n the corresponding phase-space factor,
To the leading order the accompanying partons k i are soft gluons and their distribution can be treated as independent. Assembling together the contributions from the three configurations C δ defined in (2.10), the distribution can be presented as
where M 0 (C δ ) is the Born qqg matrix element and W δ is the distribution of the soft gluon radiation off the hard three-parton antenna in the momentum configuration C δ . Here we discuss the real emission contribution to M n ; the virtual corrections will be accommodated later.
For the configuration δ = 3, for example, the squared Born matrix element reads
where P 3 is the gluon momentum and P 1 , P 2 the quark-antiquark momenta (see (2.10)). For this configuration the single soft gluon radiation pattern is given, at the one-loop level, by
Here w ab is the standard two-parton antenna of the ab-dipole, which, within the normalization convention prescribed by (2.20), is given by
(2.24)
Here k t,ab is the invariant gluon transverse momentum with respect to the hyper-plane defined by the P a , P b momenta.
The first term C F w 12 in (2.23) is the "Abelian" contribution describing soft gluon emission off thepair. The second term proportional to N c is its "non-Abelian" counterpart that describes radiation off the hard gluon P 3 . Similar expressions for two other kinematical configurations (δ = 1, 2) is straightforward to write down by properly adjusting the parton indices,
(2.25)
To reach SL accuracy it is necessary to treat multi-parton emission at the two-loop level. This involves allowing secondary gluon to split into two gluons or into apair. In principle, perturbative analysis of a system consisting of three hard partons and two softer partons (with comparable energies) can be found in the literature (see, e.g., [14] ). However, to the best of our knowledge, the most important feature of the result has never been explicitly stressed, namely, that the colour structure and geometrical properties of emission of a soft two-parton system off a 3-jet ensemble is identical to those for single gluon radiation. It can be shown [15] that after subtracting the uncorrelated radiation of two soft gluons,
, the correlated two-parton production is given by the expression
ab is the standard distribution known from the two-loop analysis of 2-jet event shapes (the first term on the right-hand side of (2.26), see [16] ). It describes decay into qqor gg-pair of a virtual parent gluon radiated, in our case, by one of the three two-parton dipoles ab. Given this remarkably simple dipole structure, the analysis of the two-loop effects in 3-jet events reduces to the known 2-jet case.
As shown in Ref. [16] , for a sufficiently inclusive observable (and the K out -distribution under interest in particular) the two-loop refinement results in (and reduces to) substituting the proper argument for the running coupling describing the intensity of the parent gluon emission,
Here k t,ab is the invariant transverse momentum defined in (2.24) and α s is taken in the physical scheme [17] . It is worthwhile to notice that the arguments of the coupling are different for the three dipoles that participate in gluon radiation according to (2.23). We remark that at the level of the leading power-suppressed non-perturbative correction the rôle of two-loop effects is more involved as they give rise to the Milan factor [6, 16, 18 ].
Phase space factorisation
We discuss here factorization of the phase space in the soft region, which is needed for resum-mation. The phase space factor reads
where the factor D n takes care of the kinematical relations,
The first delta-function stands for the energy-momentum conservation, while the last two (threeand two-dimensional) delta-functions set the event plane. Now we single out from dΓ n small recoil components of hard partons momenta, q 1y = p 1y and the three q ax = p ax , which have to satisfy four event-plane constraints given in (2.17) . Then, introducing the unity,
we neglect hard parton recoils q ai in all but these four components and approximate the kinematical factor D n as follows
Here D 0 is a trivial phase space factor which corresponds to the Born three-parton kinematics,
We then have
where Γ 0 is the Born phase space given in Appendix A. Neglecting bremsstrahlung in the D 0 -factor proves to be legitimate: it can be shown that to achieve SL accuracy it suffices to take care of accompanying parton momenta in the S-factor (2.30) and in the observable itself.
Finally, in order to "exponentiate" the multiple radiation we need to factorize dependence on individual secondary parton momenta contained in the delta-functions in S n and in the K outobservable. This is achieved in a standard way by means of Mellin and Fourier representations. In the following we apply this procedure to the integrated K out -distribution defined in (2.9) .
In what follows we shall separately consider K out accumulated in the right hemisphere and the total K out of the event. We start from a simpler case of the K out -distribution in the right (one-jet) hemisphere. The total K out -distributions will be considered in Sec. 4.
Right K out -distribution
Consider the differential three-jet cross section with given T and T M and with accumulated out-of-event-plane momentum in the right hemisphere smaller than a given K out . Using the soft-factorization formula (2.21) we can write the cross section (2.9) for small K out in the form
δ is the three-jet differential Born cross section for the parton configuration C δ defined in (2.10),
calculated in Appendix A. The accompanying radiation factor Σ, a function of K out , T and T M , reads
We recall that within the adopted PT accuracy the hard parton momenta p a entering into the soft gluon distribution factor W δ (k) can be approximated by the event plane vectors P a so that integration over the recoil variables q a = p a − P a can be easily performed. Since the observable involves only momenta in the right hemisphere, the recoil momentum components in the left hemisphere q 2x and q 3x can be freely integrated out with use of the last two delta-functions in (2.30) and leave no trace in the distribution under consideration. Then, a non-trivial dependence on q 1y (via q ± 1x )) also disappears, and the q 1y -integration trivializes as well. We are left with a single delta-function in (2.30):
To factorize the dependence on secondary parton momenta we use the Mellin representation for the theta-function in K out and the Fourier representation for the delta-function in q 1x :
where the contour C in (3.3) runs parallel to the imaginary axis at Realν > 0. Defining the Fourier integral (3.4) we have extracted, for the sake of convenience, the factor ν as if it were a real parameter: for a complex value of ν it implies rotating the β-contour by − Arg ν, | Arg ν | < π/2. (Then, using the analytic continuation, the β-integral can be transformed to run along the real axis.) Integrating over q 1x we obtain
The limit of small K out (and thus of small q 1x ) corresponds to the region of large values of the conjugate variables, i.e. ν and νβ respectively. Therefore in what follows we will concentrate on the limit of large ν and neglect the contributions of the order of ν −1 which correspond to O (K out ) corrections to the distribution. At the same time, by examining (3.5) it is easy to see that the characteristic values of the rescaled Fourier variable β are of the order of unity.
where we have introduced the "radiator"
Here the unity in the square brackets has been included to account for the virtual corrections. For example, for the most probable jet configuration δ = 3 (with gluon the least energetic parton), the soft distribution (2.23) gives
With the DL accuracy only gluons collinear to P 1 (the thrust axis direction) contribute to the right-hemisphere K out . Therefore the (identical) DL contributions are contained in r R 12 and r R 13 . According to (3.8) , they combine into the expression proportional to C F -the colour charge of the quark P 1 . Single logarithmic corrections to these two dipoles, as well as SL contribution of the third dipole, r R 23 , are calculated in Appendix B.4. Here we report the result:
where the variableμ originates from an approximate evaluation of the characteristic momentum integral which is explained in Appendix B.6,
In (3.9) r(μ, Q 2 ) is the DL function 12) and the factors F ab = F ab (T, T M ) are independent of the integration variables ν and β. The origin of an essential subleading correction embodied into the precise argument of the running coupling, α s (2k x ), is explained in Appendix B.5.
Combining these results we obtain the radiators, evaluated with SL accuracy, for each of the three kinematical jet configurations,
Here C δ is the colour charge of the hard parton along the thrust axis, that is C δ = C F for δ = 2, 3 and C 1 = N c . SL corrections in (3.13) were absorbed into the definition of the hard scale. The corresponding scale Q δ depends on the event configuration δ and, though the functions F ab (T, T M ), on the event kinematics. These scales are given by
(3.14)
They also include the factors e −3/4 and e −β 0 /4Nc coming from SL corrections due to the "hard" parts of the quark and gluon splitting functions. As we shall see below in Sec. 4, for the case of the total K out -distribution the corresponding scales are simply related with geometry of the 3-jet event. At the same time, the T -and T M -dependence of the scales entering into one-hemisphere distribution does not have a simple geometrical interpretation. This is due to the fact that the kinematical constraint restricting the observable to a single hemisphere is foreign to the structure of the soft-gluon radiation pattern. The radiator (3.13) depends on the Mellin-Fourier moments ν and β only via the variablē µ. The β-dependence can be further simplified at SL accuracy by expanding the radiator for large ν,
Since r ′ constitutes a SL correction, we can use Q as a common scale (neglecting O (α s ) mismatch) and omit the factor 2 in the running coupling argument (as producing a negligible correction O α 2 s logν ) in such subleading terms. Thus, the right-hemisphere K out -distribution to SL accuracy takes the form
Integration over the Mellin variable ν can be performed by steepest descent or by the operator method introduced in [12] . We follow the last method which exploits the following identities:
The following approximation is valid:
where we have neglected relative corrections of the order
. Applying these relations to our distribution in (3.16) we derive the final answer to SL accuracy,
The first and second factors resum DL and SL contributions, respectively. We remark that the precise argumentK out is essential to keep in the first factor, while substitutingK out by, say, K out in the second factor would amount to a negligible O (α s ) correction. Comparing the ν-integrand in (3.16) with the final result we conclude that the SL factor Γ −1 in (3.17) accounts for a mismatch between the Mellin-conjugated ν and K out values. It can be looked upon as a next-to-leading order prefactor of the WKB (steepest descent) approximation.
Total K out -distribution
The calculation is similar to the previous case except that now radiation in all four quadrants contributes to K out . The K out -integrated distribution (2.9) for small K out is given by
To factorize the soft momenta in H T we proceed as before by using Mellin and Fourier representation for the theta-and delta-functions. Again we denote by ν the variable conjugate to K out and study the region | ν | Q ≫ 1. We rescale by ν the variables conjugate to the soft recoil variables q ax (a = 1, 2, 3) and q 1y in dh n to arrive at
Here we have introduced the probing functions u α (k) for each of the quadrants C ℓ :
where β 12 = β 1 + β 2 , β 13 = β 1 + β 3 and the "source function" u is
The function I(β, γ) in (4.2) is the result of integrations over the recoil momenta, namely, q 1y (conjugate to γ) and three q ax (conjugate to β a ):
Notice that the large variable ν enters only in the sources. Now we are in a position to resum multiple accompanying radiation. The result reads
with the radiator given by
As before, the unity in the square brackets has been included to account for the virtual correction contribution. Here Θ ℓ (k) is the support function for a parton k emitted in the quadrant C ℓ , and we have denoted u 1 = u 12 and u 4 = u 13 . In Appendix B the radiators R δ are evaluated with SL accuracy and we obtain
where r is the DL function defined in (3.12) . Some comments on the colour charges, the scales and the variousμ-variables are in order.
• The radiator consists of three "independent" contributions from the radiation off each of three hard partons. Here
is the colour charge of the parton P a .
• The hardness scale Q 2 a in each term has a simple structure: it is determined by the invariant transverse momentum of the hard parton a with respect to the dipole bc:
This makes Q a depending on the event geometry. The scale Q 2 a also includes an additional, geometry-independent, factor e −ga depending on the nature of the parton a. This factor takes into account a SL correction due to hard parton splitting, with g a = 3/2 for a quark (a = 1, 2 in (4.8)) and g a = β 0 /2N c for a gluon. Due to this factor the scales depend on the configuration δ.
Recall that the derivation of the exact form of the hard scales required a SL analysis which takes a due care of the inter-jet regions where the soft distribution does not have collinear singularities.
As we have seen in the previous section, the hard scales for the right distribution (3.14) do not have such a simple interpretation because selecting one hemisphere is unnatural for the soft radiation pattern. As shown in Appendices B.2.1 and B.2.2, the boundary effects due to radiation at 90 o which complicate the scales, cancel with SL accuracy in the total distribution.
• The various functionsμ originate from the following substitutions in the integral over k x
withν given in (3.11) . As in the case of the right radiator, such substitution is valid within SL accuracy. The γ-dependence enters only in the twoμ 1a parameters which are associated with the gluon emission off the parton P 1 in the right hemisphere. This is in agreement with the fact that the variable γ is conjugate to q 1y . Opposite signs of γ inμ 12 andμ 13 reflect the fact that the recoil momentum q 1y is positive (negative) in the right-up (right-down) quadrant.
All ν-, βand γ-dependence is contained in the parametersμ.
As before, we can simplify the βand γ-dependence by expanding the various terms to SL accuracy for large ν. We can write
where R δ is the DL contribution, given by the sum of three standard antenna terms, r ′ is the SL function defined in (3.15) , and the coefficient S δ carries all the β a and γ dependence. R δ and S δ are given by with the charges given in (4.9). In detail the DL terms for the three configurations are
There are two sources of SL corrections in (4.14). The first is due to different hard scales in three terms r(ν, Q 1 ) in (4.16)-(4.18), which depend on the geometry of the three-jet event, that is on the values of T and T M . The second is the contribution proportional to r ′ given by the sum of ln µ-terms which depend on β a and γ. These contributions are specific for a three-jet topology. At the same time, within the SL accuracy this correction is insensitive to the details of the event geometry, that is to the values of T, T M ∼ 1.
In conclusion, the total K out -distribution, to SL accuracy, can be expressed by the following Mellin integral:
where the SL prefactor F δ (ν) is given by
For example, the explicit expression for F 3 reads
The function F δ is analysed in Appendix C.
In the first order in α s ln ν the factors F become (see Appendix C.1)
Different weights of the quark and gluon colour factors for the two cases have a simple explanation. Due to the kinematics of parton recoil (see (2.17)) contribution of the gluon radiation off the most energetic (right-hemisphere) parton P 1 is twice that off the left-hemisphere partons P 2 and P 3 . As a result, the SL correction is proportional to 2C F + C F + N c when P 1 is a quark/antiquark (δ = 2, 3) and to 2N c + C F + C F when it is a gluon (δ = 1). Integration over the Mellin variable ν can be done as before and we obtain
where R ′ is the logarithmic derivative of R δ . To SL accuracy we can take
which is the same function for all configurations δ. This is possible since, r ′ being a SL function, the difference between the hard scales can be neglected at the level of the next-to-next-to-leading O (α s ) correction.
Radiators in the quasi-2-jet limit
In the 3-jet kinematics we have been considering, T M < ∼ T < ∼ 1, jet energies are comparable and relative angles between jets are large. In these circumstances three basic scales in (4.10) are of the same order,
Still, keeping precise scales in (4.16)-(4.18) is essential, since their deviation from the overall hardness parameter Q in the DL radiator function r(ν, Q 2 a ) produced a SL correction δ (1) R ∝ r ′ (ν, Q)·ln(Q a /Q) = O (α s log ν). At the same time, since the next order expansion terms are negligible, δ (2) R ∝ r ′′ (ν, Q) · ln 2 (Q a /Q) = O (α s ), it is perfectly legitimate to present the answer in a form different from (4.16)-(4.18).
For example, expanding the scales in the first two (quark) terms in R 3 around q 2 = 2P 1 P 2 we obtain, instead of (4.16)
where we have suppressed the first argumentν and used ln
2P 1 P 2 to cancel the linear expansion terms, see (4.10) . Mismatch between the radiator in (4.16) and the right-hand side of (4.22) is
Being equivalent within the adopted accuracy, the representations (4.16) and (4.22) start to significantly differ, however, when the jet configuration becomes 2-jet-like. Indeed, when the gluon jet P 3 becomes relatively soft and/or collinear to the quark P 2 , we should expect the answer to correspond to the qq-dominated radiation pattern, and the gluon contribution to disappear. The latter representation (4.22) correctly describes this situation: the quark-antiquark antenna contribution with the hardness scale equal to the invariant squared mass of thepair, q 2 = 2P 1 P 2 , takes on the job, while radiation off the gluon vanishes with decrease of the gluon transverse momentum, Q 2 3 ≃ p 2 t3 ≪ q 2 ≃ Q 2 . At the same time, the first representation goes hay-wire. For example, in the collinear limit, P 3 P 2 ≪ P 3 P 1 < ∼ P 1 P 2 , one of the quark scales, Q 2 2 , vanishes (together with Q 2 3 ) while the other formally goes to infinity, Q 2 1 ≫ Q 2 . The geometric mean of the quark scales, 2P 1 P 2 = p 2 1t p 2 2t , employed in (4.22) cures this unphysical behaviour. For two other jet configurations, with the gluon having an intermediate or the largest of the three parton energies, analogous representations of the radiators read
. (4.24)
These expressions, contrary to the original ones (4.17) and (4.18), survive the limit of the lefthemisphere jets becoming quasi-collinear, P 2 P 3 ≪ P 1 P 3 < ∼ P 1 P 2 . Indeed, the configuration δ = 2 is then identical, colour-wise, to δ = 3, and (4.23) is dominated by thetwo-jet contribution, while the non-Abelian part vanishes with the gluon transverse momentum, Q 2 2 ≃ p 2 2t ≪ Q 2 . A rare but interesting configuration δ = 1, where the gluon P 1 in the right hemisphere is balanced by a quasi-collinearpair in the left hemisphere, see (4.24), corresponds to the gluon-gluon system: radiation off the colour-octetpair is dominated by large-angle coherent bremsstrahlung proportional to the gluon charge, N c , with the colour-suppressed 1/N c correction term vanishing in the collinear limit.
Thus, the radiators in the form of (4.16)-(4.18) are inapplicable in the quasi-two-jet kinematics. An attentive reader could have noticed that the modified expressions (4.22)-(4.24), though better behaved, cannot pretend to uniformly preserve the desired SL accuracy. Accommodating correctly SL effects due to large-angle soft bremsstrahlung, these expressions fail, however, to properly account for "hard" SL corrections in the collinear limit.
For example, the right-hand side of (4.22) for the most natural configuration δ = 3 has a perfect soft-gluon limit, when 2(P 1 P 2 ) = Q 2 becomes the proper 2-jet scale. At the same time, when P 3 remains energetic but collinear, E 3 < ∼ E 2 , (P 2 P 3 ) → 0, the quark-jet scale in (4.22) remains smaller than the total annihilation energy, 2(P 1 P 2 ) < 2(P 1 · (P 2 + P 3 )) = Q 2 . The mismatch amounts to a SL correction O (r ′ · ln x 2 ).
Discussion and conclusions
In this paper we performed the all-order perturbative analysis of the out-of-plane transverse momentum distributions in three-jet e + e − annihilation events. We considered the total K out of the event and K R out accumulated in one event-hemisphere which contains the most energetic of three jets. The perturbative expression for the integrated K out -distribution in the right (one-jet) hemisphere is given in (3.12)-(3.17) and (B.35). The K out -total distribution is determined by expressions (4.8)-(4.21). These answers resum all double-and single-logarithmic contributions to the exponent (the so-called "radiator") of the distribution in the standard Mellin-Fourier parameter space. DL and SL contributions to the radiator can be formally represented, respectively, as series α n s log n+1 (Q/K out ) and α n s log n (Q/K out ) (n ≥ 1). Throughout the analysis, we systematically neglected next-to-next-to-leading terms in the radiator (radiator series α n s log n−1 ln(Q/K out ), n ≥ 1) as well as non-exponentiating corrections of the relative order O (α s ). The latter belong to the coefficient function 1 + cα s + O α 2 s . Its first coefficient, c, is analysed in [10] where the order α 2 s expansion of the approximate resummed cross is compared with numerical calculation based on the exact α 2 s matrix element. Matching the resummed logarithmic expressions with the exact result is necessary for justifying exponentiation of the next-to-leading SL terms α s ln(Q/K out ).
Accompanying gluon radiation pattern follows the colour topology of the underlying parton antenna. The corresponding patterns were known, to SL accuracy, for two-parton -qq and gg -sources (quark and gluon form factors, 2-jet shapes). In the present paper we presented the first such analysis for 3-parton ensembles.
The qqg-initiated events possess a rich colour structure which determines secondary parton flows and makes them event-geometry-dependent. We have demonstrated that after taking into account SL effects due to inter-jet gluon flows, the result can be cast as a sum of quark-antiquark (C F ) and gluon (N c ) contributions with the proper hardness scales depending on T and T M .
A significant dependence on event geometry is the key feature which singles out the K out distribution among other e + e − event shape observables.
Soft gluon field components with small transverse momenta ("gluers" with k t > ∼ Λ QCD ) are believed to be responsible for hadronization. This belief, known as hypothesis of the local partonhadron duality, has been verified in a number of experimental studies of various features of multiple hadroproduction in hard processes (for review see [19] ). Moreover, in recent years a new theoretical techniques have been developed for triggering and quantifying genuine confinement effects by studying gluer radiation.
A rich dependence of gluon (and, therefore, gluer) radiation on the colour topology makes 3-jet observables, and K out in particular, an interesting field for the study of non-perturbative effects. A separate publication [13] will be devoted to analysis of the leading non-perturbative power-suppressed corrections to 3-jet observables. The K out distribution, similar to the case of 2-jet Broadening observables [12] , will be shown to exhibit log K out -enhanced 1/Q contribution with the magnitude depending on 3-jet geometry, that is on T and T M values.
To access this interesting physics experimental studies of K out should be carried out specifically for events with moderate values of 1 − T , away from the 2-jet region.
Two sorts of experimental studies of these predictions can be envisaged. The most straightforward comparison calls for experimental identification of the gluon jet. Gluon tagging, however, is unnecessary for the study of the total K out -distribution for genuine 3-jet events: the prediction given by the sum of three jet configurations corresponding to given T and T M , weighted with the proper 3-jet Born cross section factors bears practically as much information. Tagging brings in more information when a single-jet (right-jet) K out -distribution is studied. In this case essentially different K out -spectra will be seen depending on whether the right-hemisphere parton is a quark or a gluon.
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A Kinematics

A.1 Kinematics of qqg jets
We consider the quark, antiquark and gluon with skeleton momenta P a in the centre-of-mass frame, 3 a=1 P a = Q = (Q, 0, 0, 0),
We have 2E = Q, x a = 2(P a Q)/Q 2 , x 1 + x 2 + x 3 = 2 and t 1 = t 2 + t 3 . Assuming t 2 > t 3 , we obtain
Thrust-major is confined to the kinematical region
where the upper limit comes from reality of ρ, and the lower limit comes from requiring t 3 > 0, i.e. that both P 2 and P 3 lie in the left hemisphere.
We introduce Sudakov variables based on two light-light vectors aligned with the thrust axis, P = E(1, 0, 0, 1) ,P = E(1, 0, 0, −1) . (A.5)
The jet momenta have the following Sudakov decomposition:
where the transverse momentum with respect to the thrust axis is P t = (0, 0, ET M , 0). In terms of T and T M the longitudinal Sudakov momentum components are
Since P a with a = 2, 3 belong to the left hemisphere, we have A a < B a . Denoting by Θ a the angle of P a with respect to the thrust axis we introduce the angular variables τ a
We remark that τ 3 is negative since P 3 lies in the third quadrant ("down" hemisphere). Since P 2 and P 3 are in the left hemisphere and | P 2z | > | P 3z |, we have 0 < π − Θ 2 < Θ 3 − π < 1 2 π. Hence,
The following relations hold:
The minimal value of thrust-major, T M = 2(1 − T )/(2 − T ) for a given T in (A.4), corresponds to the configuration with the softest parton momentum orthogonal to the thrust axis,
The maximal value T M = √ 1 − T is achieved with a symmetric 2 − −3 pair:
We also introduce two-dimensional vectors in the transverse plane {x, y},
Since P 1 is along the thrust axis we have τ 1 = (0, 0).
A.2 Born cross sections
The squared Born matrix element M 0 (C δ ) has a well-known expression in terms of the variables x a . For δ = 3 (with P 3 the gluon momentum) we have
The phase space factor Γ 0 for the Born 3-parton system is
The dipole invariant masses in terms of T, T M and variables τ i are
The scales in (4.10),
-the invariant transverse momentum of the hard parton P a with respect to the bc-dipoleread
(A.14)
A.3 Soft partons
For secondary massless parton of momentum k we write the Sudakov representation
with k t the transverse momentum with respect to the thrust axis. The right-hemisphere condition imposes the restriction upon longitudinal parton components,
Probability of soft gluon emission off the P a , P b dipole is described by the squared matrix element
B Radiators
Here we compute the radiators for the total K out distribution, R δ (ν, β, γ), to SL accuracy. The radiator is given by the combination of dipole contributions,
with Θ ℓ (k) the support function restricting gluon momentum k to the quadrant C ℓ and the source functions u ℓ defined in (4.3), (4.4) .
Expressing the parton phase space [dk] in terms of Sudakov variables and invoking the soft distribution w ab in (A.16) we have
We recall that τ a are jet transverse direction vectors, τ 1 = 0 and τ 2,3 given in (A.10).
We have three integrations to perform. The result of the first two integrals, in α and k y , has the structure
where we have omitted O (k x ) terms as producing non-logarithmic O (α s ) corrections upon k xintegration. (For the same reason we have set the lower limit of α-integration, α > ∼ (k t /Q) 2 , to zero, since the integral converges.) Similar correction originates from the precise limit of the k x integration, | k x | < ∼ Q. Therefore we were free to set it to Q in (B.2). 1 At the same time, the exact limits of α and k y integrals do matter when they affect the scale of the logarithm, Q ′ , in (B.3) which are responsible for the SL correction to the radiator. The logarithmic terms in (B.3) originate from three "collinear regions" when the gluon transverse direction vector τ = k t /α is close to one of τ a . In the direction P 1 it is the α-integration that produces a collinear logarithm. Noticing that P 1z = T Q/2, we then set α m to the maximal value of α kinematically allowed in the right-hemisphere jet,
In the regions collinear to the left-hemisphere jets a = 2, 3, α and k y are linked by the condition τ ≃ τ a . In this case the kinematical limit can be expressed in terms of the y-component:
In (B.2) we employed soft radiation probabilities w ab . However, in the collinear regions hard parton splitting should be accounted for which produces another important SL corrections similar to those coming from the kinematical limits (B.4) and (B.5). These corrections will be taken care of in the end of Appendix B.2.2. We now proceed with successive integrations. Since the sources u do not depends on α we first compute the α-integral. Then we compute the k y -and k x -integrals.
B.1 Integrating over α
We calculate separately contributions from the right (R) and left (L) hemispheres,
and define
The α-integration yields
Here h ab is a function of τ a and τ b which has the following geometrical meaning:
with θ a the angle between the momentum P a and the thrust axis. We have h a1 = 1 (a = 2, 3) and h 23 = ρ.
In the limit of small aplanarity, | k x | ≪ Q, for the dipoles involving the right-hemisphere jet P 1 we derive
For the left-hemisphere dipole we get
Here
B.2 Integrating over k y
To obtain the k x -integrand we need to perform the k y -integration
The origin of the running coupling argument in (B.13) is explained below in Appendix B.5.
To compute the functions B ab (k x ) we consider two terms B 
Then, the terms in I R 23 and I L 23 due to the boundary between the Rand L-hemispheres cancel in the sum, and, using that the sources are now k y -independent, we obtain
where k = k y (k = −k y ) in the up (down) hemisphere. We extract the logarithmic contribution coming from the arctan term in the region | k x | ≪ k ≪ K m = 1 2 T M Q (see (B.5)) and using
we finally arrive at
where we have used the relations The contributions 1a can be simplified in a similar way. The left-hemisphere contribution (B.11) is accompanied by k y -independent source u a . The same source can be attributed, however, to the second term in (B.10) as well, since the k y -integration is non-logarithmic and produces a subleading contribution. After this simplification the R/L-boundary terms cancel in the sum of I R 1a and I L 1a , and we arrive at
As before, it is important to keep the dependence of the sources on the finite parameters β and γ only in the contributions enhanced by ln(Q/ | k x |). Such factor (collinear logarithm due to the jet #1) is explicitly present in the first terms in (B.21), (B.22). Adding these contributions together and integrating over k y results in substituting the R-hemisphere sources by the average source,
Collinear enhancement factor due to the jet #2 originates from logarithmic k y -integration in the second term of (B.21) (second quadrant), due to the jet #3 -in the second term of (B.22) (third quadrant). Remaining finite pieces can be evaluated using (B.19). Setting the limits α m = T and K ym = T M Q/2 according to (B.4) and (B.5) and using (A.8), we finally obtain
where u 0 in the last subleading term is a source whose β-, γ-dependence can be chosen arbitrary.
Using this freedom we can absorb the last term in (B.23) into rescaling of the first two namely,
x .
(B.24)
We observe that the hard scales in (B.20) and (B.24) have a simple geometrical interpretation. Indeed,
with Q ab the invariant dipole masses, see (A.13).
Our analysis was based up to now on the soft radiation matrix element, (A.16). To fully take into account SL effects from the region of large secondary parton momenta, we have, in addition to fixing the upper limits α m and k ym , to consider also hard collinear parton splitting. Due to collinear factorization, these corrections are process-independent and can be easily taken into account by proper rescaling of jet hardness parameters. They amount to supplying the invariant dipole masses by the factors
for a quark/antiquark , β 0 2Nc for a gluon .
(B.26)
We finally obtain
B.3 Radiator by assembling bits and pieces
Now that the αand k y -integrations have been performed, we are in a position to assemble the full radiators for three jet configurations:
The answers assume a simple when expressed in terms of the invariant transverse momentum of the hard parton P a with respect to the bc-dipole
It is straightforward to verify that, to SL accuracy, the answer can be represented in a symmetric form as
where the hard scales are given by:
The rule for the colour factors in (B.31) is simple: 
B.4 Radiator for the right distribution
In this case the source does not depend on k y , and we have
where the functions I R ab are given in (B.10) and (B.12). The DL contribution is contained in the first term of I R 1a in (B.10). Extracting the large logarithm ln(Q 2 /k x ) which is embodied into the DL function r(μ, Q 2 ) in (3.9), we calculate the geometry-dependent SL correction factors denoted there by F ab .
The k y integrals are convergent so we have set the upper limit K ym → ∞. Introducing the ratio of momenta t = k y / | k x | we obtain the following expressions: where κ ′ a ≡ κa |kx| = √ 1 + t 2 τa Q − t. We remind the reader that convergence of the integrals is assured by τ 2 > 1, τ 3 < −1.
B.5 Running coupling
The two-loop analysis [15] entails that the argument of the running coupling for the dipole distribution r ab in (B.1) is given by k t,ab , the invariant gluon transverse momentum with respect to the ab-dipole (see (2.24) ). We show here that, to SL accuracy, we can the scale at the value 2|k x | instead, as has been stated in (B.13). This effective value is obtained after integrating α s (k t,ab ) over α and k y . To show this we first observe that we need to control the precise argument of α s only in the DL contributions which originate from the phase space regions where the gluon is collinear to one of the three hard partons P a .
Consider first the case of the contribution of r 1a from the right hemisphere. Here the soft gluon is close to the thrust axis, P 1 , so that the invariant transverse momentum reduces to the usual 2-dimensional momentum, k 2 t,1a ≃ k 2 t = k 2 x + k 2 y , which is α-independent. This allows us to perform the α-integration and obtain I R 1a in (B.10). Now, to determine the effective scale of α s it suffices to consider k y -integral of the leading piece of I R 1a proportional to ln(Q 2 /k 2 x ) and integrate over k y . We have an integral of the type with k x positive, y ≡ k y /k x . For small k x the upper limit of the y-integral is large, y m = K ym /k x = T M Q/2k x ≫ 1, and can set infinite since the integral converges. Expanding the coupling to the first order, we get
(B.37)
The regions collinear to P 2 or P 3 seems more complicated since here k t,ab depend both on α and k y . However, a similar analysis can be carried out in terms of the Sudakov variables with P,P aligned with the emitting parton, we obtain the same result for the argument of α s .
B.6 The sources and the k x integrals
Here we prove the substitution rule (4.11). The general structure of the radiators is Taking the ǫ-derivative in (B.39) we obtain a large parameter ln(νQ ′ ) accompanied by the factor which we set equal to zero to optimize the choice ofμ:
This means that, within SL accuracy, the source factor [1 − u] can be substituted by
Performing this substitution in (B.31) we get the result reported in the text, see (4.14) .
C Evaluation of F
The expression for F δ is rather complicated. Invoking (4.5) we split the γ-integral into two pieces,
namely the principal value and the δ(γ) contributions,
where the two integrands are Where as before the colour factors are given by (B.33).
C.1 F in the first order
In the O (r ′ ) approximation we have, for F r F r (ν) ≃ C Expanding F i in r ′ we obtain in the first order: 
